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Abstract. We study permutation invariant oscillator algebras and their Fock 
space representations using three equivalent techniques, i.e. (i) a normally ordered 
expansion in creation and annihilation operators, (ii) the action of annihilation op- 
erators on monomial states in Fock space and (iii) Gram matrices of inner products 
in Fock space. We separately discuss permutation invariant algebras which possess 
hermitean number operators and permutation invariant algebras which possess non- 
hermitean number operators. The results of a general analysis are applied to the 
S'M-extended Heisenberg algebra, underlying the M-body Calogero model. Partic- 
ular attention is devoted to the analysis of Gram matrices for the Calogero model. 
We discuss their structure, eigenvalues and eigenstates. We obtain a general condi- 
tion for positivity of eigenvalues, meaning that all norms of states in Fock space are 
positive if this condition is satisfied. We find a universal critical point at which the 

reduction of the physical degrees of freedom occurs. We construct dual operators, 
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leading to the ordinary Heisenberg algebra of free Bose oscillators. From the Fock- 
space point of view, we briefly discuss the existence of mapping from the Calogero 
oscillators to the free Bose oscillators and vice versa. 
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1 Introduction 



The classical and quantum integrable model of M interacting particles on a line, 
introduced by Calogero [1], has been intensively studied during the past few years. 
The model and its generalizations [2] are connected with a number of physical prob- 
lems, ranging from condensed matter physics [3] to gravity and black-hole physics 
[4]. The algebraic structure of the Calogero model and its successors, studied earher 
using group theoretical methods [5], has recently been reconsidered by a number of 
authors in the framework of the Sm - extended Heisenberg algebra [6] . 
Apart from its particular realization, the Sm - extended Heisenberg algebra is basi- 
cally a multi — mode oscillator algebra with permutation invariance. The general 
techniques for analysing such a class of oscillator algebras were developed earlier in 
a series of papers [7,8]. 

In the present paper we apply these techniques to the Calogero model in its operator 
formulation. We start our analysis with the two-body Calogero model. On the alge- 
braic grounds, this model is described by a particular class of deformed single-mode 
oscillator algebras which were treated in a unified manner in [9]. 
In Section 2, we describe a single-mode algebra underlying the two-body Calogero 
model. We construct a mapping from this algebra to the ordinary Bose algebra. 
We also present the number operator N and the exchange operator K as ( infinite ) 
series in creation and annihilation operators. At the end of Section 2 we construct 
an algebra that is dual to the original algebra of the two-body Calogero model. 
In Section 3 we discuss general multi-mode oscillator algebras with permutation 
invariance. We describe two distinct classes of these algebras: (i) algebras which 
possess well-defined hermitean number operators ( i.e. transition number operators 
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Nij^ partial number operators Na = Ni and the total number operator N = J2 Ni 
), and (ii) algebras which possess well-defined number operators but for which only 
the total number operator N is hermitean. The analysis of these algebras is per- 
formed in three equivalent ways: using (i) a normally ordered expansion in creation 
and annihilation operators, (ii) the action of annihilation operators on monomial 
states in Fock space, and (iii) Gram matrices of scalar products in Fock space . We 
conclude Section 3 with a discussion of the general structure of transition number 
operators N^j and exchange operators K^j. 

The ideas developed in the preceding Sections are applied to the many-body Calogero 
model in Section 4. The algebra underlying the many-body Calogero model ( Sm- 
extended Heisenberg algebra ) is discussed along the lines described in Section 3. 
Special attention is devoted to the analysis of Gram matrices and to the construc- 
tion of number operators and exchange operators as an infinite scries in creation and 
annihilation operators. We also find that the 5'M-extended Heisenberg algebra can 
be defined as a generalized triple operator algebra. Generalizing the construction 
given in Section 2 to the multi-mode case, we define and investigate the structure of 
dual algebras. Section 4 ends with a short discussion of mappings from the Calogero 
algebra to the set of free bosonic oscillators. Section 5 is a short summary. 

2 Two-body Calogero model and deformed 
single-mode oscillator algebras 

Particular aspects of single-mode deformed oscillator algebras were studied by a 
number of authors, starting with seminal papers [10]. A unified view of deformed 
single-mode oscillator algebras was proposed in [9,11]. 
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Basically, these algebras are generated by a set of generators Q, involving annihila- 
tion (a) and creation (a^) operators, together with the well-defined number operator 
N: 

g := {l,a,a\N}, 

The following commutation relations hold: 

[N,a\ = -a, [N,a^=a\ 

[N, a^a] = [N, aa^ = 0, (1) 

aa^ — qa^a = G{N), 

where g e R and G{N) is the hermitean, analytic function of the number operator. 
Vacuum conditions are a\0) — and A^|0) = 0, with (0|0) = 1. Since [N,a^a\ — 
[N, aa^ = 0, we can write 

a^a = 4>{N), 

(2) 

aa^ = (j){N + 1), 

where (p{N) > is some function of the number operator. Several examples of 
algebras that belong to the class (1) and their corresponding functions (f){N) are 
given in [9]. 

Here we want to discuss a variant of the algebra (1) , with G{N) — 1 + 2uK and 
q = 1, namely 

aa^ - a^a^ 1 + 2vK, i/ e R 

K = (-)^ Ka = -aK. 
In this equation K is the exchange operator ( see Sections 3 and 4 ) which here acts 

simply as a parity operator that separates the set of excited states \n) oc a^"|0) into 

even and odd subspaces. For i/ > — |, the algebra (3) possesses unitary infinite - 

dimensional representations. This algebra is known as the Calogero-Vasihev algebra 



[6] ( also termed the deformed Heisenberg algebra with reflection [12] ) and provides 
an algebraic formulation of the two - particle Calogero model [1] described by the 
Hamiltonian ( x and p are the relative coordinate and momentum, respectively ) 

2H^p' + x^+''-^^^^K (4) 
x^ 



which reduces to 



after the identification 



2H^{a,a)} (5) 



y2a — X -\-ip K 

X 

\/2a) — X — ip-\ — K. 

X 

Remark 1. Generalizations of the algebra (3) have been investigated in Refs. 
[13,14] and its connection to nonlinear parabosonic (parafermionic) supersymmetry 
have been described in [15]. 

As we have already described in [7,9], the analysis of the general ( deformed ) 
oscillator algebras could be carried out in three completely equivalent ways. 
One can express aa^ as a normally ordered expansion: 

aa^ = 1 + ^ afc a)'' aK (6) 

k>l 

Alternatively, one can start the analysis by using the action of the annihilation 
operator on the states in Fock space: 

aat"*]0) = (t>{N + l)a^"^-^|0). (7) 

The third way is to examine the vacuum matrix elements ( Gram matrix ) 

A^,„ = (O|a"^at"|O) = [0(n)]!(5„„. (8) 
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These approaches are rather simple for the single-mode oscillators but becomes very 
powerfuU for the analysis of multimode (deformed) oscillator algebras (see Sections 
3,4.)- 

Now, we show how the normally ordered expansion (6) works for the Calogero- 
Vasiliev algebra (3). 

First, we calculate the function 4>{N) and it reads 

0(iV) = Ar + i.(i + (-)i+^). (9) 

Knowing 4>{N), we recursively calculate the coefficients ( Eq.(6)) for the algebra 
(3): 



Similarly, we can expand the operators K and N in an infinite series in operators a 
and a\ i.e. 

K=l + Y.l3ka^''aK (10) 
fc>i 

Using relations (3) and Ka^'^\Q) = (— )"a''""|0), one can recursively calculate the 
coefficients j3k as 

Pk — -TTTj Pn 



The expansion of the number operator N reads 

Ar = ata+^7n(a^)»", (H) 

n>2 

where 

^ n-T.lZ\lk(t>{n)---(t>{n + l-k) 
[0(n)]! 
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Note that 7„ = for = 0, 0(n - 1) 7^ 0. 

Notice that, knowing ccfe, (3k and 7„, we can obtain 0(n) from the same recurrent 
relation. 

As we elaborated in [9], there exists a simple mapping of the general deformed 
algebra (1) to the ordinary Bose algebra [6, b^] — 1. The mapping is of the form 



The inverse mapping exists if (t){N) ^ 0, i.e. (f){N) > 0, ^N. 
Using (j){N), Eq.(9), associated with the algebra (3), we obtain 

{b n — even 

b^/^ n^odd. 

It is also possible to map the operators a and to the Bose operators b and b\ 
using the expansion of the form 

a^{^Ckb^H'')-b. (13) 

fc>0 

Comparing Eq.(13) with Eq.(3), one can recursively calculate the coefficients as 
1 



(f){k + 1 — m). 



For further purpose ( see Section 4), it is convenient to define a new operator d 
in a sense dual to (a, a^), such that 

[d,a^] = l, a|0) = 0. (14) 

The connection is 



where N can be realized as in (11), or as 

N^^{a\a}-{u+l). 

Using (j){N), Eq.(9), we find 

{a n = even 

«jv^ ^ = odd. 

The construction of the mapping (15) is similar to that given in [16] 

We also find 

N^a^'d, N + l^da\ 

and 

In the next section we turn to general multi-mode oscillator algebras with per- 
mutational invariance. 



(16) 



3 Intermezzo: Multi-mode oscillator algebras with 
permutation invariance 

As we emphasized in [7,8], the analysis of the general multimode ( deformed ) 
oscillator algebras is more comphcated and the three approaches, Eqs.(6-8), become 
more involved. Here we concentrate on permutation invariant multi-mode oscillator 
algebras. Invariance on the permutation group simplifies the analysis but one still 
has to distinguish between two cases. The first case are permutational invariant 
algebras with hermitean number operators. These algebras were analysed in [7,8]. 
In order to be a self-contained, in Subsection 3.1 we repeat the main points of this 
analysis. 
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The second case are permutation invariant algebras with non-hermitean number 
operators, not discussed previously. The analysis of these algebras is presented in 
Subsections 3.2 and 3.3. 

3.1 Permutation invariant algebras with hermitean number 
operators 

Let us consider a system of multi-mode oscillators described by M pairs of cre- 
ation and annihilation operators a|, {i — 1,2,...,M) hermitian conjugated to 
each other. We consider operator algebras which possess the well-defined transition 
number operators Nij, the partial number operators Ni = Nu and the total number 
operator N — J^^i- We also demand that the algebras be permutation invariant. In 
this subsection we suppose that all number operators are hermitean, i.e. Nj = N^, 
N^i - Ni and A^^. = Nji. 

The relations involving the number operators and the operators a], ai {i — 1,2, M) 
are 

[Nij, 4] = 6jkal, [Nij, ttk] = -Sikaj, [Nij, Nki] = SjkNu - SuNkj. 

[Ni, aj] = -dijtti, [iV„ a]] = 5ijal, [Ni, Nj] = 

[TV, 4] =4, [N,ak]^-ak. (17) 

In the associated Fock-hke representation, let |0) denote the vacuum vector. 
Then, the scalar product is uniquely defined by (0|0) = 1, and the vacuum conditions 
are ai\0) — 0, aj4|0) 7^ 0. A general n-particle state is a linear combination of 
monomial state vectors (4^ •■•4„|0))' H,---,in — 1,2,...,M. The partial number 
operators Ni are diagonal on the monomial states (4i " " "CtLlO))) with eigenvalues 
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Hi, counting the number of operators a] in the corresponding monomial state: 
Ni {al al ■ ■ ■ a[ aljO))= {al 4_j_4 «i„ 1 0) ) • 

In Fock space considered, monomial states with different total number operator N 
are orthogonal, as well as the states with the same N but different partial number 
operators N^. Two states are not orthogonal if they have the same partial number 
operators Ni,N2, ...Nm- 

The general multi-mode oscillator algebra with hermitean number operators and 
permutation invariance can be described in three ways [7] : (i) as a normally ordered 
expansion, (ii) as a set of relations in the Fock space and, (iii) using Gram matrix 
of scalar products in Fock space. These three approaches are independent but com- 
pletely equivalent. Moreover, as we demonstrate in the rest of the paper, they can 
also be applied to the permutation invariant algebras with non-hermitean number 
operators. Which of the three approaches will be used, depends on the nature of 
the problem. In the concrete example of the Calogero model ( Section 4 ) we are 
mainly interested in positivity of the norms in Fock space and in finding the critical 
points. Therefore, we shall analyse the problem using the Gram matrix. 
Now, we shortly describe each of the three approaches. 

In the first approach, the operator algebras are defined by a set of relations: 

aia] = rij{a\ a) = 

oo M 

^ 6ij + Ci^i a]ai + J2 Yl '^^.^ 12 [7iij,h,-;k„)]^ [a{i,ki,...,kn)], (IS) 

n=l n,creSn+i fei,...,fe„=l 

where the operators a, are normalized in such a way that the coefficient of the 5ij 
term is equal to 1. Several comments on the structure of the above expression are 
in order . 
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Permutation invariance guarantees that the coefficients in the expansion do not 
depend on concrete indices in normally ordered monomials, but only on certain 
linearly independent types of permutation invariant terms, schematically displayed 
above. The existence of the number operators iVj implies that the annihilation 
and creation operators appearing in a monomial in the normally ordered expansion 
(18) have to appear in pairs, i.e. monomials are diagonal in the variables ki, ...,kn 
(up to permutations) [8]. The symbol [a{i, ki, kn)] denotes ao-(i)ao-(fci) ■ ■ ■fl(T(fc„) = 
a{aiaki ■ ■ ■ cikn)- Also, C^^^- — C*^^, owing to the hermiticity of the operator product 
CjaJ. We consider only those relations in (18) that may allow the norm zero vectors, 
but do not allow the state vectors of negative norm in Fock space. The norm 
zero vectors imply relations between creation (annihilation) operators. Since these 
relations are consequences of Eq.(18), they need not be postulated independently. 
Also , there is no need to postulate relations [ a^al ] separately, since they can differ 
from the relations [ aiaj\i=j ] only in the unique function f{N,Ni). Finally, notice 
that, although there are infinitely many terms in the expansion, only finite terms 
are actually involved when acting on the finite monomial state in Fock space. 

In the second approach, in addition to the vacuum relations ai\0) — 0, 
aiOjlO) = Sij\0), one can define the action of a^, i = 1,2, ...M, on monomial states 
(a|j • • • al„|0)) through the relations 

n 

aial---al\0)^J2Sii>. E </>^[<T(ii, ■., ■., ^n)1|0) , (19) 

fe=l aeS„-i 

where ik denotes the omission of the creation operator ( with index ) in all possible 
ways. ( If the monomial state does not contain aj at all, the RHS of (19) is equal 
to zero .) The sum is running over all linearly independent monomials and 0^ are 
(complex) coefficients. The identity (f)}^ = 1 is implied by normalization in Eq. (18). 
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The coefficients 0^ can be uniquely determined from Ctt.o- and vice versa. If we write 
the type of monomial state (aj^ • • -aljO)) as V^2'^^ ...M'^'^ , where 1^1,1^2, ...ji^M are 
multiplicities satisfying Vi >0 and J2if=i — we see that permutation invariance 
drastically reduces the number of independent terms in Eq.(19), i.e. from M"+^ 
( for the general algebra ) to at most ( Y,k=i ^ {uii--vk\) ) iiidependent terms ( for the 
permutation invariant algebra ). 

Example 1. States for n — 2: hermitean {N^j, Nj) 

ai(4)2|0) 
aiaJallO), a2aia2|0)- 
In the third approach, one defines the Gram matrix of scalar products 

Aiu-h^h-ju = (0|ai„ • • • ai,a]^ ■ ■ ■ a]jO). (20) 

For the permutation invariant algebra, it is permutation invariant, meaning that the 
matrix element (01 J |0) does not depend on the permutation 

TT & Sn- The rank of the Gram matrix gives the number of linearly independent 
states in Fock space, which is positive definite if > 0, i.e. if all eigenvalues are 
non-negative. The matrix and its rank depend only on the collection of multiplicities 
{ui, I'm}, which, written in descending order, give rise to a partition of n [8]. The 
generic matrix ( all indices different! ) is of the type n\ x n\. It can be decomposed 
into terms of the right regular representation of the permutation group Sn [8] . All 
other, non-generic matrices, are easily obtained from the generic matrix. Their order 
is I X 1 , where y^uu — n. 

We mention that the typical permutation invariant algebras with hermitean number 
operators are parastatistics/interpolation between parastatistics [17] and infinite 
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quon statistics [18]. Finally, we note that there is a simple way to unify a very large 
class of such permutation invariant algebras as a triple operator algebras [19]: 

[ [tti, a]]q, 4 ] = x5ija\ + y5ika] + z5jka\, {x, 2;) e R (21) 

which can be rewriten as [20] 

Ojo] = qa]ai + (1 + xN)Sij + yNij + zNji. 

3.2 Permutation invariant algebras with non- hermit ean 
number operators 

There exist a large class of operator algebras which possess permutation invariance 
but for these Ni ^ 7V/ and ^ Nji ( it still holds N ^ N'^ ). The most important 
example is the many-body Calogero model[l,6]. Generally, in these algebras one can 
have aj|0) = 0, but aja]|0) 7^ for i 7^ j. As a rule, a non-orthogonal monomial 
basis appears, i.e. two monomial states with the same total number operator but 
different partial number operators Ni are not orthogonal. 

The whole algebra can be obtained from one relation, e.g. aia^, and by successive 
application of permutation tt e Sm-, '^7r(i)Ci]r(2) ~ 7''(oia2)- The general structure of 
the normally ordered expansion is 

a^a] = Co + [a]ai] + [aJSo,i + B^^a,] + [bI^Bq^^] + [B^,i] + • • • , (22) 

where 

M 
k=l 

The above expansion displays the Sm symmetric structure as it contains the Sm- 
symmetric operators only. Notice that, although the RHS of Eq.(22) contains an 
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equal number of a^'s and a's, they are not matched in pairs any longer (cf. Eq.(18)). 
The general structure of the terms in the expansion of ajo] in (22) ( as well as the 
structure of Nij, Ni and Kij, see later ) is 

«mC)a^, m,n^i,j 

where ( a^, a„ ) are Oj or aj and O is any normally ordered (SM-invariant polynomial 
in the operators {a\ a). The indices {i,j) appear explicitly in the expansion and all 
other indices are contained implicitly in the S'M-invariant operator O. Using this 
fact, one can uniquely define [aja]|j=j] and it should coincide with [ OjoJ ] up to the 
unique hermitean function of the operators {N, N^, , N^k, ••)• which arc no longer 
diagonal on monomial states ( and can change the eigenvalues of A^^ for fixed total 
N). 

Going to the Fock-space description (19), we notice that, owing to the non- 
orthogonality of monomial states, there appear much more independent terms than 
in the orthogonal case (see Example 1). 

Example 2: States for n — 2: non-hermitean (iVjj, iVj) 

aial4|0), a2a\al\0), a3al4|0). 
Generally, there are at most 

fe=l 

independent terms. 

The Gram matrices - are hermitean, of the type M'^ and we require all 
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eigenvalues to be non-negative. The matrix elements of the particular Gram matrix 
are related by permutation symmetry. In the next section we study the structure of 
these matrices in more detail. 

3.3 Operators Nij, Ni and Kij 

The transition number operators Nij can be expanded into an infinite ( normally 
ordered ) series in creation and annihilation operators. However, only finitely many 
terms are involved when N^j acts on a finite monomial state in Fock space. 
We find that the general structure of N^j is (cf. (22)) 

Nij = [a\aj] + [4^0,1 + + [4ii?o,i] + + " " " (23) 

The partial number operators Ni are obtained from the above expression as Ni = N^. 
Notice that ^ Nji. 

The structure of the total number operator N — J^^i is 

N = [BlM + + [Bl,Bo,2] + [BI2BI,] + [BllBo,2] + [^fii^o' 1]+ (24) 

+ [B2,iBo,i] + [Bl,Bi,2] + [B2,2] + --- 

As we are interested only in the Sm- symmetric structure, the coefficients in the 
above expressions have been omitted. Notice that A^^ = N. 

The exchange operators K^j , i,j — 1, 2, ...M, generate the symmetric group Sm- 
They are defined as follows: 

K =K {k S^ = \ K^ =K- 

KijKji = KjiKa = KaKij, t ^ j, t ^ I, j ^ I. (25) 
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The representation of the symmetric group Sm exists on every deformed algebra 
of Oi and aj, (i = 1, ....M), in the sense 




(26) 



foT k ^ i and k ^ j. 



The vacuum condition is Kij\0) = ±|0), and we choose Kij\0) — +|0). 



Remark 2. Note that the following change of the definitions in (26): 




(and similarly for a- ), directly leads to contradiction since, from Eqs.(25,26), we 
obtain two apparently different results: 



The important fact is that if the algebra of the oscillators is permutation invari- 
ant, then the Kij operators can be expressed similarly as N, N^, Nij, namely as an 
infinite series expansion in creation and annihilation operators. If the algebra is not 
permutation invariant, such a representation of exchange operators may not exist . 
We point out the difference between the operators N^j and K^j. The exchange oper- 
ators Kij act "globally" ( and simultaneously ) on the right on any monomial in 
and a, interchanging indices i and j and keeping all other indices at rest. Transition 
number operators N^j act "locally", turning only one a] into aj, at the same place 
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where a] is sitting. The action of N^j can be repeated at most rij times, where rij 
counts the number of a]'s in the monomiaL If there is only one aj, then we have 

N,j{---a]---m^{---a\---m. 



Let [aj, Oj] — for i ^ j. We symbolically denote the eigenstate of Ni as 
(•••a^---a;"^---)|0). Then, 









••)|0) 








•)|o) 








••)|o) 


— 


■(•••«!" 




•)|o) 


N^J{■■ 


al- • • 




•)|o) = 






tn,-l 


•••)|0) 






• • S • 


•■)|0) = 


= nj 




■ ■ ■ "i 


•••)|0) 




•ah- 




•)|o> = 


= {rii 






ap---)\0) 



We also obtain 



or alternatively 



Kij = 



(7V,^-^)-^-i ifn, <n,- 
1 if = 



'J 



where rij and rij again denote, respectively, the number of a| and in the monomial 
(• • -al • • •a])|0). If [a|,a]] 7^ for i 7^ j, there is generally no such a simple relation 
between K^j and N^j. 

Below we give two examples of K^j operators for permutation invariant algebras 
with hermitean number operators. An example of Kij operators for permutation 
invariant algebra with non-hermitean number operators is given in the next section. 
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Example 3. Heisenberg algebra of Bose oscillators bi, bj, i = 1, --M. 
Algebra: 

[bi,b]]^5ij, [blb]]^[b,,bj]^0. 

Number operators: 

M 

Nij^blbj, Ni^blk, N = Y.b%. 

1=1 

Exchange operators: 

fc=o 

Example 4- Clifford algebra of Fermi oscillators fi, f- , i = 1, ..M. 
Algebra: 

{hf]}-5i^. {//,/]} = {/.,/.} = 0. 

Number operators: 

M 
i=l 

Exchange operators: 

4 Application: The M - body Calogero model 

The results of a general analysis of permutation invariant multi-mode oscillator 
algebras with non-hermitean number operators ( Subsections 3.2 and 3.3 ) will be 
now applied to the M-body Calogero model. We also generalize a several concepts 
(e.g. an infinite series expansion of aja], N , N^, Nij, K^j and dual algebra) introduced 
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in Section 2. We find, as particularly interesting, the structure and the eigensystem 
of the Gram matrices. The analysis of the Gram matrices enable us to locate the 
universal critical point of the M - body Calogero model at v — —-k- 



4.1 The M - body Calogero model and the multi-mode 
oscillator algebras 

The M - body Calogero model, describing M identical bosons on the line, is defined 
by the following Hamiltonian [1]: 

^ i=i ^ i=i ^ i-tj \-^t -^j) 

For simplicity, we have set h, the mass of particles and the frequency of harmonic os- 
cillators equal to one. The dimensionless constant u is the coupling constant (and/or 
the statistical parameter) and M is the number of particles. The Hamiltonian (28) 
can be factorized by creation and annihilation operators of the 5'M-extended Heisen- 
berg algebra [6] . 

Let us introduce the following analogs of creation and annihilation operators [6]: 

1 1 



M 



where 

A = 9, + ^^-4-(i-X,,) 

are Dunkl derivatives and are exchange operators (Eqs. (25-26)) generating the 
symmetric group Su- One can easily check that the commutators of creation and 
annihilation operators are 

[a,,a,] = [al,aj]=0, (29) 



[oj, at] 



20 



The action of Kij on and is given in Eq.(26). 
Remark 3. The following definitions 

are also consistent and one can study the algebra defined by the anticommutator 
{ai,a]}: 

{ai, a]} = Aij = ^1 + i^jfc j Sij - uKij j. 

Note that {a,, aj} 7^ 0, if 7^ 0. Moreover, one can show that the general form of 
the algebra, namely [ai,a]]q = Ajj(z/), |g| < 1, with the condition Kijaj = aiK^j , 
Eq.(26), is equivalent to the algebra [aj, a]]^ = Aij{—i'), with the conditions KijUj — 
-QiKij and Kijak = -akKij. 

After performing a similarity transformation on the Hamiltonian H, 

iHiij l^i — Xjl'") H (nf^j \xi — Xj\'^) , we obtain the reduced Hamiltonian H' which, 
when restricted to the space of symmetric functions, takes the folowing simple form: 

M M 

H'^^ E{«i ' «!) = E + ^0, (30) 
^ i=l i=\ 

[H', a,] = -a,, [H', aj] = 4 [H', {a,, a]}] = 0. 
Notice that one can define the general Hamiltonian H as 

H=-J2{ai,al}^N + Eo, 
^ i=i 

which is not restricted to the symmetric states only, i.e it acts on the states in the 
whole Fock space. In the space of symmetric states, it coincides with H', H' = H. 
The ground-state energy is Eq — + i^iM — 1) )■ The Fock-space representation 
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is defined by ai\0) = 0, Vi and Kij\0) = e|0), V(i, j)- As = 1, we fix e to +1. The 
Fock space is spanned by monomials (al"^ • • • Om*^ |0)) . In the following we analyse 
the full Fock space of states since (i) we want to apply ideas from Section 3 to the 
Sm - extended Heisenberg algebra (29) and (ii) wc want to obtain the positivity of 
physical states as a consequence of positivity of states in the complete Fock space. 
Physical states are symmetric ( antisymmetric ) states for the bosonic ( fermionic ) 
systems. The algebraic analysis of the physical space of symmetric states for a two- 
and a three-body Calogero model (28) is given in [21]. A general approach to the 
algebra of observables and dynamical symmetry algebra for the M-body Calogero 
model was proposed in [22]. 

We point out that the algebra (29) can be defined in a new way, without exchange 
operators Kij. The construction relies on the generalization of the triple operator 
algebras (21) [19,20]. The only difference is that now the number operators Ni and 
Nij are not hermitean. 

Eliminating vKij = [ ]] for i 7^ j, we find 

[tti, bI^] = 1, Vi 

ai[ai, a]] = [a^, a]]aj, i ^ j 

Qi [aj , a|] = [aj , a}] aj , i^j 

ak[ai,a]]^[ai,a]]ak, y{ij,k)iy^jy^ky^i. (31) 

(It is understood that the hermitean counterparts of these relations also hold.) No- 
tice that the single- mode algebra (3) is a true triple operator algebra (21) since it 
can be rewritten as [{a, a^}, a'] = 2a) and [{a, a^}, a] ~ —2a. 

The algebra (31) is still a permutation invariant algebra, but the indices on the LHS 
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and RHS are not the same ( cf. the second and third relations in Eq.(31) ). The 
last relation in (31) can be written as 

[ajt, [ai, a]]] = 0, V(i, j, k), j ^k^i 

[ai,a]] = [aj,4], V(i,j). 

For the triple operator algebras,the Fock-space representation is defined by the two 
generalized vacuum conditions ( one can notice the similarity with Green's paras- 
tatistics [17] ): 

OilO) = 0, Mi 

a,aJ|0) = -HO), (32) 

Under these conditions, the Fock representation is uniquely determined and is equiv- 
alent to the first construction, Eq.(29). However, this algebra does not depend on 
u and Kij, i.e. in the formulation of the triple operator algebras, the interaction 
parameter u enters only through the vacuum condition (32). 
We also obtain the consistency conditions in the Fock representation, namely 

([a,,a].])^ = i/2 ,[afe,([a,,a]])2]=0, 

[ui, a]][aj, 4] = [uj, al][ai, 4] = [a^, al][ai, a]]. (33) 

There is a simple generalization of the triple operator algebra to include fermions 
(i.e. anticommutators) and quons (i.e. q-commutators) . 

4.2 Gram matrices for the Calogero model 

In the rest of this section, we discuss the Calogero model in the framework of the 
three approaches proposed in Section 3. The special attention is devoted to the 
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Gram matrix approach. 

In the first approach we express Ojo] as a normally ordered expansion: 

a^a] = -fKij + a]ai y{ij), i 7^ j 

aial = 1 + ajai + u^Kii. (34) 

This is obviously a permutation invariant algebra. We can write it in the form of 
Eq.(22) if we know the expansion of Kij in terms of and a] (and vice versa). Later 
we shall give such a construction. 

In the second approach we have to know the action of Oj on the monomial states 
(4"^ • • • aj;^^|0)) in the Fock space. 

For the one - particle states (allO)) , using aj|0) = 0, Vi, we find 

I (1 + (M-1))|0) Vi = j 
For the two - particle states (aja]|0) ) we find: 

aia]^a]jO) = [Aij^a]^ + a]^Aij^]\0) . 

There are only four types of relations, owing to [a]^ , a]^] = 0: 

ai(al)2|0) = {u{M - 2) + 2)al|0) + i/<i|0), 

ai(4)2|0) = -1/(4 + 4)10), 
ai44|0) = (i/(M-2) + l)4|0), 

ai44|0) = -i^(4 + 4)|o)- 

For the three - particle states (44^1 1 0) ) ^^'^ 

aia]^a]^a]jO) = [Aij^al^a^ + a]^Aij^al + a]^a]^Aij^]\0) . 
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There are seven types of relations: 

a^ia{f\0) = {u{M - 3) + 3)af |0) + u{a\Bl, + Bl^m, 

ai(4)'|0) = -i^{a\al + + 4')|0), 
ai(al)^4|0) = {v{M - 2) + 2)aI4|0) - i/4^|0) + va\Bl^\Q), 
ai4(4)2|0) = (i/(M - 2) + 1)4'|0) - i/44|0), 
ai444|0) = {i^{M - 3) + 1)44|0), 

ai(4)'4|o) = -i^(44 + 4' + 44) 1 0), 
ai444|o) — ~^(44 + 44 + 44) I o)- 

It is a simple task to generalize these equations to an arbitrary multiparticle 
state, i.e. ((4)"^ • • ■ (aL)"*0|0)): 

ai(4)"n4)"' • • • («m)"^)|0) = ai|ni;n2; ■■■nM) = 

\ni-n2\ 

ni\ni — l\n2\nz)-\-i'sgn{ni — n2) ^ |min(ni, 712) + A; — 1; max(ni, ^2) — /c; 713)+ 

fe=i 

+v sgn{ni — n^) ^ |mm(ni, n^) + k — 1] n2] max{ni,n^) — k) + ■ ■ ■ 

k=l 

I"i-"-mI 

+ 1/ sgn{ni — um) X] \'iTiin{ni,nM) + k — l;n2; ■ ■ ■ ;max{ni,nM) — k) (35) 

fc=i 

We use these formulas in the constructing Gram matrices for different M 
( the third approach ). 

Now we easily obtain the structure of the matrix elements of Gram matrices 
(0|ai„ • • • ai^4i ■ ■ ■ 4n|0)- explicitly give several examples ( for M = 2, 3 ) in 
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the Appendix and below we discuss eigenvalues and eigenvectors of Gram matrices 
corresponding to one - and two - particle states for any M. 

(1) One-particle states ( 4|0), i = 1,2, ...M ): 
The matrix of one-particle states is of order M and has only two distinct entries: 
—u and 1 + u{M — 1). Its eigenvalues and typical eigenvectors are 



Eigenvalue 


Degeneracy 


Eigenvector 


Comments 


1 


1 


<i|0) 




1 + Mu 


M- 1 


(al-al)|0) 





The positivity condition implies that all eigenvalues should be positive, meaning 
1 + Mu >0 or u > -1/M. 

(2) Two-particle states ( a|at|0), (ij) = 1,2, ...M ): 
The matrix of two-particle states is of order and has four distinct entries of the 
form 

{0\aj{a\f\0) = a 
(0|ai(4)^|0) = (0|a?44|0) = (0|aia24ai|0) = b 
(OlalalallO) = {0\aia2aial\0) = c 
(0|aia2a|a2|0) = d 

where a = [1 + z/(M - 1)][2 + i/(M - 1)] -u^{N -1), b = -u -u^{M -2), c = 
and d = [1 + u(M - 1)][2 + u{M - 2)]. 
Its eigenvalues and typical eigenvectors are 
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Eigenvalue 


Degeneracy 


Eigenvector 


Comments 





M(M - l)/2 


[aLa|] |0) 




2{1 + Mu) 


M 




Vi, M > 2 


(1 + Mz/)(2 + Mu) 


M- 1 




i ^ 1;M > 3 


2(l + Mz/)(l + z/(M- 1)) 


M{M -3)/2 


{{al-a]),{al-aj)}\0) 





Here, So,i = and So,2 = Z^i of ■ Note that nuU-eigenstates are identically equal 
to zero owing to the commutation relation [a|, a]] = 0, which is satisfied V(i, j). 
The positivity condition implies again that all non-zero eigenvalues are positive, 
which is satisfied if 1 + Mu > , i.e. u > -l/M. 

One can show that the same condition for positivity of eigenvalues for three and 
more particle states also holds. There is a universal critical point, u = —l/M , 
at which all matrix elements of an arbitrary multi-state Gram matrix are equal to 
{k\/M'^), where k denotes a k-particle state. This can be proved by induction and 
here we sketch the proof. 

The generic Gram matrix is of type ( x ). At the critical point v — —l/M 
we find 

A,j = (0|a,a]|0) = ^, 
= AnjA^KallO) + A,j,{0\ai,al\0) = 

Afc-ii;ji-ifc = i^Wik • • • OiiOji • • • Qjfe |0) — 

= Au'i (0|ai^ • • • Qi^a]^ ■ ■ ■ a] JO) + (Ohk ' ' ' ^iasVla • • • |0) + • • • + 
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1 k\ 

The rank of this matrix is one. There is only one state, namely Bq\\0), which 
corresponds to the center of mass and has positive norm. The corresponding eigen- 
value is ■^M'^ — k\. All other eigenstates are null-states with zero norm . Diagonal 
matrix elements are larger than ii u > —1/M and the positivity conditions for 
eigenvalues are satisfied. 

Remark 4- The critical point is universal in the sense that all algebras of the 

form [aj,aj]q = Ajj(z/), \q\ < 1 have the same critical point u = —1/M. The case 
q — —1, for which the algebra takes a fermionic form, is of special interest: 

{fijJ} = Aj, {F,F^}^M, 

{/„Ft} = l, F2 = Ft2 = 0. 

Here, F = J2 fi- It follows that the one-particle Gram matrix for q = —1 is the same 
as for = 1: 

/ l + i/(M- 1) -1/ ••• -ly \ 

-u l + u{M-l) ■■■ -V 

\ -V -V • • • 1 v{M - 1) / 

The matrices for two- and many-particle cases depend on q and will be treated in 
separate paper. It appears that v = —1/M could be interpreted as a physically 
interesting point [23]. At this point, the Fock space reduces to the Fock space of a 
single harmonic oscillator, corresponding to the centre-of-mass coordinate. 
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4.3 Operators Nij, Ni, N and Kij 

Now, we proceed to the construction of N^j, N^, N and K^j operators. This con- 
struction can be performed for any M but, for simphcity, we present the results for 
the first non-trivial case M = 3. All these constructions exist only if the positivity 
condition , u > — 1/M, is satisfied. For M = 3, u > —1/3. The construction starts 
with expanding the corresponding operator in a series in and aj; for example, 
(indices are omitted for brevity) 

Kij = Co + ^ ci a + ^ C2 a a -|- • • • (36) 

Using the definitions (25,26), we act with (36) on the vacuum (which gives cq = 1), 
then on the one-particle state, the two-particle state, etc... In this way, we obtain 
hnear recursive relations which are easily solved. The result for 7^12 and M = 3 is 

^ ^ " Jlh^/''^'' + 2(TT3^^^^'^^'^ " 2{1 + 3Jn2 + 3u/''^'''^''^''' + ■ ■ ■ ' 

(37) 

where 612 = 01 — 02 and 6123 = Oi -|- 02 — 203. One gets Ki^ and iir23 from K12 using 
permutation invariance. Knowing K^j, one can find a normally ordered expansion 

Similarly, one finds {M — 3) 

^ (TT^"'"^ + (ifs^^^''^'^ - 4(l + 3.)(2 + 3.)*^^^^- 

" 4(1+1^)^(2^3^.)^^^^^^^^^^^ " 2(l + 3un2 + 3uf'^''^''^''' + ' ' ' " ^^^^ 
Here, 623 = 02 — 03 and 6231 = 02 + 03 — 2oi. N12 is easy to obtain from the above 
formula. Note that nI ^ Ni. Similarly, 7^ A^2i- However, the total number 
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operator is hermitean, iV^ = N and for M = 3: 

1 ^ ^33 

N = -y"a]ai + 4)(y"«i) + 

+ (1 + 3.^2 + 3.) ,,^/"- - "5)'^"' - "^-^'^ 

2^2 3 3 3 3 

(l + 3i.)2(2 + 3i.)^^ ^ ^ ^J^^ 

+ (1 + 3^)2(2 + 3^) " ^<i][^^o,2 - \bI,] + 

3 

+ 3^2,2 + 4,2^0,2 - 2(52,i5o,i + h.c.) + 2 ^ al5i,ia,} (39) 

i=l 

The result is consistent with the general expression H — Eq — | Y,i{ai, a|} — £'o = A?". 
In the limit ^ 0, we reproduce the standard result N = Y^^a-ai. Although the 
above expressions seem to be divergent at the critical point, it appears that for 
u — —1/3, the degrees of freedom , the Fock space and the related algebra are 
substantially reduced [23] and the above expansions are completely regular, giving 
AT = i^ii^o,! at 1/ = -1/3. 



4.4 Dual operators di and dual algebra A 

Owing to the fact that [a^, aj] = and [aj, a]] = 0, V(i, j), we can define the operators 
di, i — 1,2, ...M, V > — j^, such that 

m 

d,{al ■ ■ ■ aljO)) = Y: al • • • • • • aljO), (40) 

a=l 

di\0) = 0, 
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where the hat denotes omission of the corresponding operator. 
The sum on the RHS contains rrii terms. We find that: 

and 

[di^a'j] ^ 5ij, [ai,a~-] = 0, V(i,j). (41) 

These relations are satisfied on all monomial states in Fock space. If we define a dual 
Fock space, spanned by monomials {{0\di^ - ■ ■ dij^), we obtain the following relation, 
as a consequence of Eq.(41): 

M 

mt ■ ■ ■ c"«ir • • • «ir io) = n nk\5m,m, 

k=l 



We call the operators Oj the bosonic duals of operators aj. 

The transition number operators Nij, the partial number operators Ni and the total 
number operator N can now be expressed as: 

Nij = aldj, y{i,j), 
Ni = ajdi, Vi, 

M 

i=l 

From the expression for N^j we obtain a,- and vice versa. Symbolically, 



a-i = a-i + a' a 

k>l 



For example, for M = 3 we find 



[l + 3u) (l + 3i/) ' 4(l + 3i/)(2 + 3i/) 



"4(1 + 3i.)2(2 + 3^)%-^%-i 2(1 + 3j/)2(2 + 3i/) + ' ' ' ' 
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where bkji = {ak — ai) + {aj — ai) and bkj = {dk — dj)- Hence, we obtain new families 
of commuting operators ai(i/), i — 1,2...M and u > —1/M. They satisfy a new 
commutation relation: 

[di(z/),a/(z/)] = Aij{iy) 

and we call it dual algebra A{u) to the algebra of Eq.(29). Of course, [ai(//), dj{u)] ^ 
for z/ 7^ ( as [ai(/u), aj(z^)] 7^ for z/ 7^ ). 

The definition and structure of the algebra dual to a general algebra of and a| 
operators is an interesting problem. Its physical meaning is connected with the 
construction of new models which are dual to the initial one. 

4.5 Mapping to free Bose oscillators 

It was found that the M-body Calogero model in the harmonic potential (28) could 
be mapped to M ordinary free Bosc oscillators [24] . The mapping was performed in 
the coordinate space ( not in the Fock space ) and no restriction on v was found or 
discussed. Since the whole Fock space (spanned by the monomials a}^^^ • ■ ■ aj^*^ |0)) 
for the M-body Calogero model with v > —1/M , is isomorphic to the Fock space 
of M free Bose oscillators with u — 0, we conclude that there must exist a regular 
mapping from (ai,aj) to (&i,&J) and vice versa. To ensure the existence of the 
mapping a = ^(6, 6'''), the following relations have to be satisfied. 

[a|,a]] = [ai,aj] = 0, 

[N„a]]=6,,al V(^,j). (42) 

The sufficient condition for the existence of the inverse real mapping b — ^~^{a,a^) 
isu> -1/M. 
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Our results on mappings can be generalized in the following way. If two algebras 
of operators, e.g. (oj, aj) and {bi, bj), have completely isomorphic Fock spaces ( i.e. 
the same structure of all Gram matrices ), then there exists a regular, real mapping 
from flj to bi and vice versa. If one Fock space is isomorphic with a subspace of the 
second Fock space, then there exists the mapping a — ^(6, 6'^), but there is no inverse 
mapping. The construction of the mapping for Calogero operators ai,i — 1,..M, 
(Eq.(29)), will be considered in a separate publication. 

5 Conclusion 

In conclusion, we want to point out the main results of the paper. In section 2 we 
have apphed the general results of Ref.[9] to the Calogero- Vasiliev single- mode oscil- 
lator algebra (3), underlying the two-body Calogero model. We have expressed the 
number operator N (11) and the exchange operator K (10) as an infinite series in 
creation and annihilation operators and have recursively calculated the coefficients 
of expansion. We have found a mapping (13) from Calogero- Vasihev oscillators 
(a, a^") to the Bose oscillators (6, 6"^). The mapping has the form of an infinite series 
in {b,b^). Finally, we have defined a new operators (a, a^) which are dual to the 
operators (a, a^) in the sense that [a, a^] = 1. We have found a connection between 
the operators a, a and b, Eqs.(12,15,16). 

Section 3 is devoted to the generahzation of the single-mode oscillator algebras to 
the multi-mode case. We have discussed two distinct classes of multi-mode oscilla- 
tor algebras: (i) permutation invariant algebras with hermitean number operators 
and (ii) permutation invariant algebras with non-hermitean number operators. The 
class (ii) has not been discussed previously and in Subsection 3.2 several new results 
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for those algebras were given. Both classes have been treated in three completely 
equivalent ways, first proposed in [7]. In the analysis, we have used concepts of a 
normally ordered expansion (18), the action of annihilation operators on the states 
in Fock space (19) and the notion of Gram matrices of scalar products in Fock space 
(20). We have found the general structure of the number operators, Eqs. (23,24), and 
the exchange operators, Eqs.(25)-(27). The results of this section have been applied 
in Section 4 to the S'iw-extended Heisenberg algebra (29), underlying the M-body 
Calogero model. While the previous analyses of this algebra were performed mainly 
on the symmetric ( or antisymmetric ) subspace of the whole Fock space [6] , here we 
have analysed the whole Fock space of states. Our main results are the following. 
We have rewritten the S'M-extended Heisenberg algebra in the form of the ( gener- 
alized ) triple operator algebra (31). This is a generahzation of the known result 
for the single-mode case (3). Then, we have found the action of annihilation opera- 
tors on the monomials in Fock space (35). Using this, we have calculated one- and 
two-particle Gram matrices and discussed their structure and eigensystem. We have 
found that there exists a universal critical point in Fock space, given by u = —j^, 
and all states in Fock space have positive norms for i/ > — -^g. As we have made a 
comment in Remark 4, the same critical point exists for a large class of (^M-extended 
Heisenberg algebras. Then, we have proceeded with the construction of number op- 
erators and exchange operators. We have given explicit examples of the structure of 
these operators in the case of M = 3, Eqs. (37)- (39). Generalizing the construction 
of the dual algebra from Section 2, we have defined a dual multi-mode algebra in 
terms of the operators (aj,aj) (40,41). With this operators, we have been able to 
write the number operators in a compact form. Finally, we have shortly discussed 
the existence of mapping from the -S'M-extended Heisenberg algebra (29) to Bose 
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oscillators. 

We note that the Calogero model has been related [25] to g-deformed quantum 
mechanics [26]. The ideas presented here may help in elucidating the connection 
between algebraic structures arising from the deformation of the phase space of 
ordinary quantum mechanics and Calogero-type models. 

Acknowledgements. We would like to thank L. Jonke for useful discussions. This 
work was supported by the Ministry of Science and Technology of the Republic of 
Croatia under Contracts No. 00980103 and No. 0119222. 
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A Appendix 



Here, we give two examples of complete Gram matrices for M = 2 and M = 3 
oscillators and two - particle states. 

Example A.l The Gram matrix for M = 2. The matrix is written in the basis 
{ al'lO), 4^10), aI4|0), 4al|0)}. 



I a h h h\ 

b a b b 

b b d d ' 

\ b b d d J 

where a — 2 + Zu, b — —v and d—l-\-v. 

Example A. 2 The Gram matrix for M — The matrix is written in the basis 

{ |o), 4'|o), 4», al4|o), al4|o), 44|o), 44|o), 44|o), 44|o) }. 





a 


b 


b 


b 


b 


c 


b 


b 






b 


a 


b 


b 


c 


b 


b 


c 


b 




b 


b 


a 


c 


b 


b 


c 


b 


b 




b 


b 


c 


d 


b 


b 


d 


b 


b 




b 


c 


b 


b 


d 


b 


b 


d 


b 




c 


b 


b 


b 


b 


d 


b 


b 


d 




b 


b 


c 


d 


b 


b 


d 


b 


b 




b 


c 


b 


b 


d 


b 


b 


d 


b 


v 


c 


b 


b 


b 


b 


d 


b 


b 


d J 



where a = 2 + 6i/ + 21/^, b = -u - u'^, c = and d = 1 + 3i/ + 21/^. 

It is straightforward to write two-particle Gram matrices for any M. Non - zero 
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matrix elements are of the type ( k, I) = 1, 2...M ) 

(0|a,\^^|0) = a = [1 + z/(M - 1)][2 + z/(M - 1)] - iy\M - 

(0|a^a]^|0) = (0|ajajaj^|0) = (0|ajaja]^|0) = (0|aiaja|.a]|0) 
= (0|aiaja|4|0) = b ^ -u - u^{M - 2), 
(0|aiaj-4^|0) = (0|aiaj-4a||0) = c = 2i/^ 
(0|aiaj-4a]|0) = d = [1 + z/(M - 1)][1 + i/(M - 2)]. 
It is understood that different indices are not equaL 
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